Problems

1. Consider a system S shown in Fig. 1, which consists of a rocket, idealized as a rigid
body B, and a system of particles F' representing the fuel, the center of mass of which
(P) lies on the axis of B. As B flies in a frame A, P moves during flight so that its
distance from the point B* fixed in B is denoted by ¢(t), an unknown function of time.
We introduce unit vectors fixed in A denoted by ay, as, and as, and, similarly in B
unit vectors by, by, and bz, where bz is parallel to the axis of the rocket. From an
arbitrary point O, fixed in A, the position vector of B* is given by

X = x1a] + Toao + T3as

where x; = z;(t) for i = 1,2, and 3. Next, denote the angular velocity of B in A by
w = wi1by + woby 4+ w3bg

where w; = w;(t) for i = 1,2, and 3. Finally, denote the velocity of B* in A as
v = v1b; + voby + v3bg

where v; = v;(t) for i = 1,2, and 3. The rocket control system is able to direct the
rocket in flight so that the axis of the rocket is always tangent to the flight path of P
(i.e., parallel to the velocity vector 4v').

(a) Determine the number of generalized coordinates needed to describe the configu-
ration of S, idealizing the fuel as the single particle P. (5 points)
(b) How many degrees of freedom are there in S? (5 points)

(c) Regarding the quantities v; and w; (i=1,2,3) as generalized speeds, express the
motion constraint(s) in terms of the generalized speeds and ¢. (10 points)
(d) Show that the b; measure number of the acceleration of B* in A can be written
as
by - *a” = wy(vs — ¢) — (w2 + wwy)

(15 points)
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Figure 1: Schematic of rocket/fuel system

2. Referring to the system described in Problem 1, introduce the following transformation
between b; and a;: Let B be oriented so that b; (i=1, 2, and 3) initially coincide with
a; (i=1, 2, and 3). To bring B into its actual orientation, rotate B about b; by an
angle 6;; next, rotate B about by by an angle 6s; finally, rotate B about bz by an angle
93.

(a) Find ws in terms of §; and 6; (i=1, 2, and 3). (10 points)
(b) Find vz in terms of #; and 6; (i=1, 2, and 3). (10 points)

(c) Without finding all such relations, comment on the complexity of motion con-
straints when expressed in terms of the generalized speeds v; and w; versus anal-
ogous expressions in terms of a different set of generalized speeds u; = z; and
Uirs = 0; (with i=1, 2, and 3). (5 points)

Solutions

1. (a) 7 generalized coordinates are needed: 6 for the rocket body and 1 for the particle
representing the fuel center of mass, which is constrained to lie along the rocket
axis.

(b) There are 2 motion constraints and so there remain 5 degrees of freedom.



(c)

We idealize the fuel as the single particle P so that the position vector from B*
to P is P. Thus, we have one point P moving on a rigid body B that is, in turn,
moving in A, the velocity of which is

where

and B coincides with P so that
AP =AvE" 1 AwP x (gbg) + BvP
=(v1 + qua)by + (v2 — qwi)bs + (v3 + ¢)bs

Since this must remain parallel to by we have motion constraints as

AvP . b, =0
AvP by =0
or
V1 = —qWs Vo = qWq

Thus, the acceleration of B* in A can be written as
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with
AvP" = —quoby + quiby + v3bs

so that the by measure number of the acceleration becomes

b, - A2l = wa(vs — ¢) — q(2 + wswy)

2. The orientation angles are the same as those of problem 1.1, so that

(a)

(b)

(c)

w3 = 93 + 91 sin@z

Uz = I 8In 0y — T sin 6 cos Oy + 23 cos 6 cos Oy

The expressions in terms of the alternate set are more involved.



